Let G be an exceptional Lie group with a maximal torus T ⊂ G.
Introduction
For a compact connected Lie group G with a maximal torus T , the homogeneous space G/T is called a complete flag manifold. It admits a factorization in the form G/T = 1≤i≤k G i /T i with each G i a simple Lie group [Wh. p.647] and T i ⊂ G i a maximal torus. This reduces the study of the integral cohomology ring H * (G/T ) to the special cases where G is either one of the classical groups A n = SU (n), B n = Spin(2n + 1), C n = Sp(n), D n = Spin(2n), or one of the exceptional cases G 2 , F 4 , E 6 , E 7 , E 8 .
The problem of computing the rings H * (G/T ) was initiated and solved for G = A n and C n by Borel in [B, 1953] (see also Lemmas 5 and 6 in §4). Using Morse theory, Bott and Samelson constructed K-cycles on G/T which were applied to determine H * (G/T ) for G = G 2 [BS, 1955] . Another method, exploiting the relationship between representation theory and K-theory, was suggested Atiyah and Hirzebruch in [AH, 5.9; 1961] . Combining Borel's method [B] with previous results on the algebras H * (G; F p ) for all prime p, Toda [T, 1975] determined for all exceptional G the degrees of the generators and relations required to present H * (G/T ). After Toda [T] , presentations of H * (G/T ) for G = Spin(n), F 4 , E 6 and E 7 were obtained by Toda, Watanabe and Nakagawa [TW, 1974] , [N, 2001] , in which the generators were specified only up to their degrees.
On the other hand, the problem of describing the ring H * (G/T ) in the context of Schubert calculus is asked by representation theory [Hi, Ku] , intersection theory [FP] , and by an extension of the theory of Schubert polynomials from classical G [FP; BH] to arbitrary Lie groups, and has been studied by Chevalley [C] , Bernstein-Gelfand-Gelfand [BGG] , and Demazure [D] .
In this paper we present the ring H * (G/T ) for all exceptional G in terms of a minimal set of Schubert classes on G/T .
We introduce some notations necessary in presenting our results. Given n indeterminacies t 1 , · · · , t n of degree 2 we set (1.1)
1 + e 1 + · · · + e n = 1≤i≤n (1 + t i ),
That is, e r is the r th elementary symmetric functions in t 1 , · · · , t n . Assume throughout that G is exceptional with rank n, and let Ω = {ω i } 1≤i≤n ⊂ H 2 (G/T ) be a set of fundamental dominant weights, so ordered as the vertices in the Dynkin diagram of G [Hu, p.58] .
Definition 1. For G = F 4 let c r (F 4 ) ∈ Z[ω i ] 1≤i≤4 , 1 ≤ r ≤ 6, be the polynomial obtained from e r (t 2 1 , · · · , t 2 6 ) by letting t 1 = ω 4 ; t 2 = ω 3 − ω 4 ; t 3 = ω 2 − ω 3 ; t 4 = ω 1 − ω 2 + ω 3 ; t 5 = ω 1 − ω 3 + ω 4 ; t 6 = ω 1 − ω 4 . For G = E n with n = 6, 7, 8, let c r (E n ) ∈ Z[ω i ] 1≤i≤n , 1 ≤ r ≤ n, be the polynomial obtained from e r (t 1 , · · · , t n ) by letting t 1 = ω n ; t 2 = ω n−1 − ω n ; · · · ; t n−3 = ω 4 − ω 5 ; t n−2 = ω 3 − ω 4 + ω 2 ; t n−1 = ω 1 − ω 3 + ω 2 ; t n = −ω 1 + ω 2 .
Definition 2. For each exceptional G we define, in terms of the Weyl coordinates for Schubert classes (cf. 2.4), the special Schubert classes on G/T together with their abbreviations y i 's (with deg y i = 2i) in the table below. σ [7, 6, 5, 4, 2] , n = 7, 8 y 6
σ [1, 3, 6, 5, 4, 2] , n = 8 y 9
σ [1, 5, 4, 3, 7, 6, 5, 4, 2] , n = 7, 8 y 10
σ [1, 6, 5, 4, 3, 7, 6, 5, 4, 2] , n = 8 y 15
σ [1, 3, 4, 2, 7, 6, 5, 4, 3, 8, 7, 6, 5, 4, 2] , n = 8
It should be noted that the set Ω = {ω i } 1≤i≤n of fundamental dominant weights consists of all Schubert classes on G/T in dimension 2 that also forms a basis for H 2 (G/T ) [DZZ] . Therefore, any subset of Schubert classes on G/T that generates H * (G/T ) multiplicatively must contain Ω. Granted with Ω, the special Schubert classes y i 's on G/T in Definition 2, and with the polynomials c k (G) in Definition 1, our main results are stated in Theorems 1-5 below.
, where Some remarks on Theorems 1-5 are in order. 1) In Theorems 1-5 the relations are divided into two groups, denoted respectively by the ρ i 's and r j 's with deg ρ i = 2i, deg r j = 2j, to record the fact that they are derived respectively from invariant theory and the intersection theory on certain Grassmannians [DZ 2 ].
2) In Theorem 5 the last four relations r 18 , r 20 , r 24 , r 30 were presented after module c 8 for simplicity. We refer to (2.10) for complete expression of r 18 , and to the proof of Theorem 5 in §4 for closed formulae for r 20 , r 24 , r 30 . Finally, the relations in Theorems 1-5 may be seen as detailed. However, they are valuable in constructing explicit cocycles realizing the integral cohomology of G (cf. [G, 1958] showed that the projection π :
where A * (G c ) is the Chow ring of G c (considered as a subring of H * (G)), and where ω 1 , · · · , ω n is the ideal in H * (G/T ) generated by the ω i 's. Therefore, setting ω i = 0 in Theorems 1-5 yields the next results, that present A * (G c ) by the (π * -image of) Schubert classes on G/T : These imply that, in Theorems 1-5, the rings H * (G/T ) are given in terms of a minimal set of generators, subject to a set of relations that are algebraically independent.
For G = Spin(n), SO(n), G 2 and F 4 , the rings A * (G c ) were computed by Marlin in [M, 1974] . In [K, 1985] Kac obtained presentations for the algebras A(G c ) ⊗ Z p for all exceptional G, where the generators are specified only up to their degrees.
Notations and preliminaries
This work is as a sequel to [DZ 1 , DZ 2 ], where methods computing the integral cohomology of flag manifolds in the context of Schubert calculus were developed. As applications the cohomologies of certain generalized Grassmannians associated to the exceptional Lie groups were determined (cf. Theorem 1-7 in [DZ 2 ]). It remains a question whether the approach is effective for flag varieties of more general types. The present work serves also the purpose to dispel this uncertainty.
In this section we recall from [DZ 1 , DZ 2 ] the preliminary notations and results requested by establishing Theorems 1-5.
2.1. Fix a maximal torus T in G, and equip the Lie algebra L(G) with an inner product (, ) so that the adjoint representation acts as isometries of L (G) .
Let Ω = {ω 1 , · · · , ω n } ⊂ L(T ) be the set of fundamental dominant weights relative to a set Φ = {β 1 , · · · , β n } ⊂ L(T ) of simple roots of G, so ordered as the root-vertices in the Dynkin diagram given in [Hu, p.58] .
2.2. Flag manifolds and generalized Grassmannians. Let exp : L(G) → G be the exponential map. For a subset K ⊆ {1, · · · , n} the centralizer P K of the 1-parameter subgroup
is called the parabolic subgroup of G corresponding to K. The homogeneous space G/P K is a smooth algebraic variety, called a flag manifold.
If K = {1, · · · , n} we have P K = T and G/P K is the complete flag manifold G/T . If K = {i} ⊂ {1, · · · , n} is a singleton, G/P {i} is called the Grassmannian of G corresponding to the weight ω i (cf. [DZ 2 ]). In the table below we single out five Grassmannians that will be useful in this paper.
(2.1) 
Resorting to the length function l :
called the minimized decomposition of w and written w =: σ[i 1 , · · · , i r ], such that with respect to the lexicographical order on all the r-tuples J = (j 1 , · · · , j r ) with w = σ j1 • · · · • σ jr , I = (i 1 , · · · , i r ) is the minimum one. By presenting elements in W r (P K ; G) in terms of their minimized decomposition as w = σ[I], the set W r (P K ; G) has an order given by
in which w r,i is the i th element in W r (P K ; G). In [DZ 1 ] a program entitled "Decomposition" was composed, whose function is summarized below:
Algorithm: Decomposition.
Input:
The Cartan matrix C = (c ij ) n×n of G, and a subset K ⊂ {1, . . . , n}.
Output: The set W (P K ; G) being presented by the minimized decompositions for its elements, together with the indexing system (2.4) imposed by the decompositions.
Schubert varieties and Basis theorem. For each 1
, the Schubert variety X w on G/P K associated to w is the image of the composed map (2.5)
where p is the projection, and where the product · takes place in G. Since (2.6) the union w∈W (PK ;G) X w dominates G/P K by a cell complex with dim R X w = 2l(w) (cf. [BGG] ), the Schubert class s w ∈ H 2l(w) (G/P K ) can be defined as the cocycle class Kronecker dual to the fundamental cycle [X u ] as
The result (2.6) implies that (cf. [BGG, §5]) Lemma 1 (Basis theorem). The set of Schubert classes {s w | w ∈ W (P K ; G)} constitutes an additive basis for the graded group H * (G/P K ).
To emphasize the role that the minimized decompositions have played in the geometric construction (2.5) of Schubert varieties, we call σ[I] the Weyl coordinate of s w , w = σ [I] . Referring to the index system (2.4) on W r (P K ; G) we use s r,i to simplify s wr,i , and call it the i th Schubert class on G/P K in degree r.
2.5. The L-R coefficients. Let f be a polynomial of homogeneous degree r in the Schubert basis {s w | w ∈ W (P K ; G)}. By considering f as an element in H 2r (G/P K ) and by the basis theorem, one has a unique expression
The program "L-R Coefficients" compiled in [DZ 1 ] has the following function.
Algorithm. L-R coefficients.
Input: A polynomial f in Schubert classes on G/P K , and an element w ∈ W (P K ; G) given by its minimized decomposition.
Output:
2.6. The Giambelli Polynomials Let {y 1 , · · · , y n } be a minimal set of Schubert classes on G/P K that generates the ring H * (G/P K ) multiplicatively. In view of the surjective ring map
and by the basis theorem, every Schubert class s w ∈ H * (G/P K ), w ∈ W r (P k ; G), can be expressed as a polynomial G w in y 1 , · · · , y n . Such an expression is called a Giambelli polynomial of s w with respect to y 1 , · · · , y n . The program "Giambelli polynomials" compiled in [DZ 2 , 3.3] has the following function.
Algorithm: Giambelli polynomials
Input: A minimal set {y 1 , · · · , y n } of Schubert classes on G/P K that generates the ring H * (G/P K ); and an integer r > 0.
2.7. The cohomologies of generalized Grassmannians Historically the cohomology of the ordinary Grassmannian G n,k = U (n)/U (k) × U (n − k) has a well known presentation as a quotient ring in the special Schubert classes on G n,k that constitutes one of the foundations for many important computations on G n,k (cf. [GH, Hi] ). Generalizing this idea method to find the presentation of the integral cohomology of a generalized Grassmannian G/P {i} by a minimal set of Schubert classes on G/P {i} , called the special Schubert classes on G/P {i} , have been developed in [DZ 2 ]. For the five Grassmannians in (2.1) the results obtained are listed in (2.7)-(2.10) below, where (2.7), (2.8) and (2.11) correspond respectively to Theorems 2, 3 and 7 in [DZ 2 ], and where (2.9) and (2.10) are derived by the same method.
(2.7) Let y 3 , y 4 be the Schubert classes on F 4 /C 3 · S 1 whose Weyl coordinates are the same as that given in Table A for F 4 /T , and let y 6 be the Schubert class on F 4 /C 3 · S 1 with Weyl coordinate σ[3, 2, 4, 3, 2, 1]. (2.8) Let y 3 , y 4 be the Schubert classes on E 6 /A 6 · S 1 whose Weyl coordinates are the same as that given in Table A for E 6 /T , and let y 6 be the Schubert class on E 6 /A 6 · S 1 with Weyl coordinate σ[1, 3, 6, 5, 4, 2]. We set
, where r 6 = 2y 6 + y (2.9) Let y 3 , y 4 y 5 , y 9 be the Schubert classes on E 7 /A 7 · S 1 whose Weyl coordinates are the same as that given in Table A for E 7 /T ; and let y 6 , y 7 be the Schubert class on E 7 /A 7 · S 1 with Weyl coordinates σ[1, 3, 6, 5, 4, 2], σ [1, 3, 7, 6, 5, 4, 2] respectively. We set S(7) = {3, 4, 5, 6, 7, 9}; R(7) = {6, 8, 9, 10, 12, 14, 18}
, where r 6 = 2y 6 + y (2.10) Let y 3 , y 4 , y 5 , y 6 , y 9 , y 10 , y 15 be the Schubert classes on E 8 /A 8 · S 1 whose Weyl coordinates are the same as that given in Table A for E 8 /T ; and let z 6 , y 7 , y 8 be the Schubert class on E 8 /A 8 · S 1 with Weyl coordinates σ [8, 7, 6, 5, 4, 2] , σ [1, 3, 7, 6, 5, 4, 2] , σ [1, 3, 8, 7, 6, 5, 4, 2] respectively. We set 4, 5, 6, 7, 8, 9 , 10, 15}; R(8) = {8, 9, 10, 12, 14, 15, 18} Then for degrees < 40, (2.11) Let x 6 , x 10 , x 15 be the Schubert classes on E 8 /E 7 · S 1 with Weyl coordinates σ [3, 4, 5, 6, 7, 8], σ[1, 5, 4, 2, 3, 4, 5, 6, 7, 8], σ[5, 4, 3, 1, 7, 6, 5, 4, 2, 3, 4, 5, 6, 7, 8] respectively, and let S(8, 7) = {6, 10, 15}; R(8, 7) = {15, 20, 24, 30}.
Then
, where Remark 1. Comparing (2.10) with Proposition 3.2 in Toda [T] one finds that, a complete description of H * (E 8 /A 8 ·S 1 ) now amounts to find three more relations in degrees 20, 24 and 30 with respect to the set {ω 2 , y i } i∈S(8) of generators in (2.10)). Unfortunately, concrete expressions of these relations could be very lengthy. However, by studying the relationship between the spaces E 8 /A 8 · S 1 and E 8 /E 7 · S 1 in §5, we are able to derive closed formulae for these last three relations from the h 20 , h 24 , h 30 in (2.11).
2.8. Fibration on flag manifolds. Let P J and P K be two parabolic subgroups of G with K ⊂ J ⊆ {1, · · · , n}, and consider the fibration associated to the inclusion P J ⊂ P K (2.12)
The induced ring maps π * and i * behave well with respect to the Schubert bases on H * (P K /P J ) and H * (G/P K ) in the following senses:
(2.13) with respect to
(2.14) the induced map i * :
} of the Schubert basis on G/P J with the Schubert basis {s w | w ∈ W (P J ; P K )} on P K /P J .
In views of (2.13), (2.14) and for the notational convenience, we shall adopt the following convention.
Convention. We make no difference in notation between a Schubert class in H * (G/P K ) with its π * image in H * (G/P J ); between a Schubert class in H * (P K /P J ) with its i * pre-image in H * (G/P J ).
It follows also from (2.14) that the bundle (2.12) has the Leray-Hirsch property [Hus, p.231] over Z. Granted with this convention a purely algebraic argument in polynomial rings establishes the next result.
Lemma 2. Assume that {y 1 , · · · , y n1 } is a subset of Schubert classes on P K /P J , and that {x 1 , · · · , x n2 } is a subset of Schubert classes on G/P K , so that
b) for any subset {ρ s } 1≤s≤m1 ⊂ Z[y i , x j ] with properties i) and ii) above 1 , ϕ induces a ring isomorphism
Computing with Weyl invariants
Consider the fibration (2.12) associated to a parabolic subgroup P ⊂ G
The induced ring map π * : H * (G/P ) → H * (G/T ) is injective and satisfies
where H * (G/T ) W (P ) is the subring of W (P )-invariants with respect to the action of the subgroup
Lemma 3. Let P ⊂ G be one of the first four parabolic subgroups in (2.1), and let c k (G) ∈ H * (G/T ) be the corresponding polynomials in Definition 1. Then
Proof. By (3.2) it suffices to show that c k (G) ∈ H * (G/T ) W (P ) . For this purpose we note that c k (G) is a polynomial in the fundamental weights {ω 1 , · · · , ω n } ⊂ H 2 (G/T ), and that the action of W (G) on the ω 1 , · · · , ω n is given by the Cartan matrix C = (c ij ) n×n of G as (cf. [DZZ] )
is the subgroup of W (F 4 ) generated by σ 2 , σ 3 , σ 4 (cf. 2.3). With the formula (3.3) and the Cartan matrix of F 4 given in [Hu, p.59], one finds that the W (C 3 · S 1 )-orbit through t 1 = ω 4 is the t 1 , · · · , t 6
in Definition 1. This shows that c k (
The result for (G, P ) = (E n , A n−1 · S 1 ), n = 6, 7, 8, come from the same calculation: the W (A n−1 · S 1 )-orbit through t 1 = ω n ∈ L(T ) is the t 1 , · · · , t n in Definition 1.
Comparing Lemma 3 with the results in (2.7)-(2.10) one finds that each c k (G) ∈ H 2k (G/T ) can be written as a polynomial in the Schubert classes y i 's in (2.7)-(2.10) (cf. the Convention in 2.8). It is such expressions that yield the relations of the type ρ i in Theorems 2-5. (3.7) G = E 8 : where the y i 's are the Schubert classes on the G/P specified in (2.7)-(2.10).
Proof. According to Lemmas 1 and 3, each c k (G) can be expand uniquely in terms of the Schubert basis on G/P , namely
where s k,i is the i th Schubert class on G/P in degree k (cf. 2.4). Since c k (G) is a polynomials in the Schubert classes ω 1 , · · · , ω n , the L-R coefficients (cf. 2.4) is applicable to compute a k,i . Precisely, the results obtained are given in Table  B below.
Furthermore, the Giambelli polynomials in 2.6 enables one to write each s k,i ∈ H * (G/P ) in (3.8) as a polynomial G k,i in the Schubert classes y j 's on G/P given respectively in (2.7)-(2.10), and the results obtained are tabulated in Table C .
Finally, the formulae in (3.4)-(3.7) are seen to be
As an example let us compute c 5 (E 7 ). From the (6,4) th place of Table B one reads that its expression in the Schubert basis on E 7 /SU (7) · S 1 is c 5 (E 7 ) = −s 5,1 − 2s 5,2 − 4s 5,4 (compare this with (3.8)).
From the last column of (3) 2 (4) (4) (4) (4) 3 (6) (2, 4) (2, 4) (2, 4) 4 (2, 7) (1, 2, 4) (1, 2, 4) (1, 2 , 4) 5 (0, 3) (1, 2, 0) (1, 2, 0, 4) (1, 2, 0, 4) 6 (0, 1) (1, 0, 0, 0) (1, 0, 0, 2, 0)
( y 5 G 6,1 y 6 y 6 G 6,2 y 6 G 6,4 ω 2 y 5 G 7,2 y 7
In the remaining case E 8 /A 8 · S 1 we have, i) for k ≤ 5, G k,i are the same as those of E 7 /A 7 · S 1 given in the last column of Table B; ii) for k > 5 
Proofs of Theorem 1-5
The ring H * (G 2 /T ) was computed by Bott and Samelson in [BS] . The result is the same as that stated in Theorem 1, where our only contribution is to identify the generator in degree 6 with the Schubert class with Weyl coordinate σ[1, 2, 1] on G 2 /T . We may therefore omit discussion on this simple case.
Schubert presentations of H
* (G/T ) for a classical G. We describe the Schubert presentations of H * (G/T ) for G = A n and C n . Certain cases of the results are needed by the proofs of Theorems 2-5.
Let ∆ = {ω 1 , · · · , ω n−1 } ⊂ H 2 (A n /T ) be the set of fundamental dominant weights (cf. 2.1). The W (A n )-orbit through ω 1 ∈ H 2 (A n /T ) can be computed from the Cartan matrix of A n (cf. proof of Lemma 3) as
According to Borel [B] ,
where e i (t 1 , · · · , t n ) is the i th elementary symmetric function in the t k 's. Consequently, if we let s i (ω 1 , · · · , ω n−1 ) be the polynomial obtained from e i by substituting the t i 's with the forms in the ω i 's given in (4.1), we get
Similarly, let ∆ = {ω 1 , · · · , ω n } ⊂ H 2 (C n /T ) be the set of fundamental dominant weights of C n , and let s 2k (ω 1 , · · ·, ω n ) be the polynomial obtained from e k (t
One deduces from the Borel's presentation of the ring
Proof of Theorem 2-5.
With the preliminaries developed so far Theorem 2-5 can be established in a relatively unified pattern.
In the fibration C 3 /T
is the standard maximal torus) we note that 1) presentations of H * (C 3 /T 3 ) and H * (F 4 /C 3 ·S 1 ) in the form of (2.15) were given respectively by Lemma 6 with n = 3 and by (2.7);
2) the polynomials ρ 2k , k = 1, 2, 3, in (3.4) is a set of relations on H * (F 4 /T ) whose restriction to H * (C 3 /T 3 ) yield the s 2 , s 4 , s 6 in Lemma 6. It follows now from b) of Lemma 2 that
where the second equality comes from ρ 6 : c 6 = y 6 (cf. (3.4) ), which implies that the y 6 (resp. ρ 6 ) may be excluded from the set of generators (resp. the relations) after replacing y 6 by c 6 in r 6 , r 8 , r 12 . This finishes the proof of Theorem 2. The argument used in the proof of Theorem 2 is applicable in establishing Theorems 3-5. Consider the fibration
associated to the parabolic subgroup P {2} = A n · S 1 ⊂ E n , where T n−1 ⊂ A n is the standard maximal torus. We note that 3) presentations of the rings H * (A n /T n−1 ) and H * (E n /A n · S 1 ) in the form of (2.15) have been given respectively by Lemma 5 (with n = 6, 7, 8) and by (2.8), (2.9), Theorem 6 in §5 in accordance with n = 6, 7, 8; 4) the polynomials ρ k , 2 ≤ k ≤ n, in (3.5), (3.6), (3.7) in accordance with n = 6, 7, 8 is a set of relations on H * (E n /T ) whose restrictions to H * (A n /T n−1 ) yield the s k , 2 ≤ k ≤ n, in Lemma 5. It follows now from b) of Lemma 2 that
where {y i } i∈S(n) , {r j } j∈R(n) are given in (2.8), (2.9) in accordance with n = 6, 7; and that ii) if n = 7, the y 6 , y 7 and ρ 6 , ρ 7 can be excluded from (4.3) since y 6 = c 6 − 2ω 2 y 5 ; y 7 = c 7 by the formulae of ρ 6 , ρ 7 in (3.6);
iii) if n = 8, the y 7 , y 8 can be eliminated against the relations ρ 7 , ρ 8 since
where z 6 is the intermediate variable given in (2.10), which can be alternatively written as (by the ρ 5 in (3.7)) z 6 = 2y 6 + y 2 3 + 4ω 2 y 5 − ω 2 c 5 .
6) without altering the ideal, higher degree relations in ρ 2 , · · · , ρ n , r i may be simplified using the lower degree ones. The eventual relations printed in Theorems 3-5 come as the results of the eliminations and simplifications indicated in 5) and 6).
A Schubert presentation of H
In this section we complete the partial description of H * (E 8 /A 8 ·S 1 ) in (2.10) by deriving closed formulae for the last three relations on the ring (cf. Remark 1). The idea is to resort to the two ways of fibrations on the flag variety E 8 /P {2,8} which are illustrated in the figure below (5.1)
, where the projections π 2 and π 8 are induced respectively by the inclusions
of subgroups. By discussion in 2.8, the ring H * (E 8 /P {2,8} ) admits two presentations in terms of π 2 and π 8 , where the cohomologies of the fiber space and base space of π 8 have been given in (2.9) and (2.11) respectively. The transition between these two descriptions is determined in Lemma 8. This enables us to specify H * (E 8 /A 8 · S 1 ) as the subring Im π * 2 of H * (E 8 /P {2,8} ) in Theorem 6.
A characterization of H
* (E 8 /P {2,8} ). We begin by examining the ring H * (E 8 /P {2,8} ) in view of the vertical fibration π 2 in (5.1). Given a ring A and a finite set S = {u 1 , · · · , u t } we write Lemma 7. Let c i = c i (E 8 ) ∈ H 2i (E 8 /P {2} ) be the polynomials in (3.7), 1 ≤ i ≤ 8. Then, as a module over
where
The fiber space P {2} /P {2,8} of π 2 is the complex projective space CP 7 of dimension 7, and the subset {1, ω 8 , · · · , ω 7 8 } of H * (E 8 /P {2,8} ) restricts to an additive basis of H * (CP 7 ). Therefore, as a module over
In particular there exist
Further, by the basis Theorem (i.e. Lemma 1) each b i can be expanded in terms of the Schubert basis on
where the coefficients (c i,1 , · · · , c i,r ) can be computed by the L-R coefficients. Precisely, the results obtained are given in the table below: Comparing this with the results in the last column of Table B establishes
Remark 2. The coincidences
, obtained in the proof of Lemma 7 has the following interpretation in the theory of vector bundles. Let θ : L → E 8 /P {2,8} be the complex line bundle with Euler class ω 8 , and let ι : E 8 /T → E 8 /P {2} be the projection induced by T ⊂ P {2} . Then 1) the composition p = π 2 • θ : L → E 8 /P {2} is the 8-dimensional complex vector bundle associated to the canonical representation of
where L i is the complex line bundle on E 8 /T whose Euler class is the t i ∈ H 2 (E 8 /T ) in Definition 1.
Remark 3. The relation s 8 in Lemma 7 has the following implication. For each r ≥ 8, one has the expression in
Moreover, the polynomials d r,j can be explicitly calculated using s 8 recurrently.
For example we get from
5.2. The transition functions. By the basis theorem for H * (P {8} /P {2,8} ) and by the Leray-Hirsch property of the horizontal fibration in (5.1), one has the isomorphism of
Comparing this with (5.4) and noting that deg x k = 2k ≤ 30 for all k ∈ S(8, 7) (cf. (2.11)), we find that every x k can be expressed as a polynomial x k ∈ Z[ω 2 , ω 8 , y i ] i∈S(8) by (2.10). Moreover, since each x k is a Schubert class on E 8 /P {2,8} , the Giambelli polynomial (cf. 2.6) is applicable to find such an expression in the form of
This explains the algorithm in obtaining the next result.
Lemma 8. With respect to (5.5) assume that,
(where the term involving ω r 8 with r ≥ 8 has been eliminated by the relation s 8 on H
* (E 8 /P (2,8) ), cf. Remark 3). Then (5.8) (α 6,0 , α 6,1 , · · · , α 6,7 ) = (z 6 , −y 5 , y 4 , −y 3 , ω 2 2 , −ω 2 , 1, 0) (5.9) α 10,0 = y 2 5 − y 10 −2y 4 z 6 ; α 10,1 = y 9 + 2y 3 z 6 ; α 10,2 = 2y 8 − y ; α 15,1 = 4z 6 y 8 + y 5 y 9 + 2y 3 y 5 z 6 − 2ω 2 z 6 c 7 ; α 15,2 = −c 6 c 7 + 2y 6 c 7 + 4y 5 y 8 − y 4 y 9 − y 2 4 y 5 − 2y 3 y 4 z 6 + 2y 2 3 c 7 +2ω 2 z 6 c 6 + ω 2 y 5 c 7 − 5ω 2 y 4 y 8 + 3ω Step 1. Substituting in h s the variables x k , k ∈ S(8, 7), by the polynomials x k given in Lemma 8 to get h s ∈ Z[ω 2 , ω 8 , y i ] i∈S(8) ;
Step 2. Expanding h s in terms powers of ω 8 (and to eliminate the terms involving ω r 8 , r ≥ 8, using (5.6)) to obtain the expression h s ≡ h s,0 + h s,1 ω 8 + · · · + h s,7 ω 7 8 mod s 8 , h s,i ∈ Z[ω 2 , y i ] i∈S(8) .
Remark 4. It is important to note from Definition 3 that the polynomials h s,i ∈ Z[ω 2 , y i ] i∈S(8) can be explicitly computed. As examples we have g = x 6 − x 6 ∈ Z[ω 2 , ω 8 , y i , x 6 , x 10 , x 15 ] i∈S(7) .
Since ϕ(g) = 0 by the definition of x 6 , and since g | xi=0,ω8=0 is the r 6 in (2.9) by (5.8), we may take ρ 6 = g in (5.11) by b) of Lemma 2. This shows that in (5.11) the variable x 6 can be eliminated against ρ 6 to obtain that (5.12) ϕ restricts to a surjection ϕ 1 : Z[ω 2 , ω 8 , y i , x 10 , x 15 ] i∈S(7) → H * (E 8 /P {2,8} ) with ker ϕ 1 = ρ s , h t s∈R(7)\{6};t∈R (8, 7) , where f is obtained by substituting in f the variable x 6 by the polynomial x 6 (cf. (5.8) where, if D is a subset in a graded ring, D r = {g ∈ D | deg g ≤ r}. In the ring H * (E 8 /P {2,8} ) we have the following obvious relations ϕ 1 (y i ) = ϕ 2 (y i ) for i ∈ S(7) 4 ; ϕ 1 (x i ) = ϕ 2 ( x i ) for i = 10, 15 (by Lemma 8).
These imply that the ring map ψ : Z[ω 2 , ω 8 , y i , x 10 , x 15 ] i∈S(7) → Z[ω 2 , ω 8 , y i ] i∈S(8) / s 8 defined by ψ(ω i ) = ω i , i = 2, 8; ψ(y i ) = y i , i ∈ S(7); ψ(x i ) = x i , i = 10, 15 fits in the commutative diagram (7)\{6} , and where the second equality comes from ψh t = h t by Definition 3. Let us deduce from (5.15) another presentation for ker ϕ 2 in view of which Theorem 6 becomes transparent. To this end we note that (5.16) deg g ≤ 38, g ∈ T ; deg h t = 2t, t = 20, 24, 30; and that (5.17) ϕ 2 ( h t ) = 0 is equivalent to ϕ 2 (h t,i ) = 0 for all 0 ≤ i ≤ 7 by (5.5). Since T = r t t∈R(8) by (5.14) and (5.16), we can conclude that ker ϕ 2 = r t , h 20,0 , h 24,0 , h 30,0 t∈R(8) . This completes the proof of Theorem 6.
